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FOREWC D

The increase in reczut years of the importance of analogue compu-

tation as an effective tool in engineering analysis has been accomplished

by a growth in the complexity of the proviemsa being solved on computers.
y Ly 3

Because this complexity has made more diificult and expensive the op-
eration of computers, knowledge of the errore in computer solutions be-

comes necessary. Unfortunately, the increased problem complexity

makes much rmore difficult the estimation of the accuracy of sclutions.

In the operation of the M. i.T. Flight Simulator, the staff of thc

Dynamic Analysis and Conticl Labor..ory at the Massachusetis Institute
of Technology has recognized that the future ¢ ontributions made by

arialogue-computing facilitics d.pend to a large extent upon whether
4 1 124

computational errers can be predicted, measured, and evaluated. Dis-

cussions between the staff of the D.A. C. L. and Prof. F. J. Murray of

Columbiz University led to « proposal from the D. A. C. L. to the Office

of Naval Research. This proposal, which resuited in contract N5ori-07879,

outlined a atudy with the objeciivas of {1} the developmenc cf methods for
determining the feasibility of solving a given problem to a specified degree
of accizracy on a particular machine and {2} the development of methods
for determining the accuracy of solutions while they a-e being studied on
a particuiax computer.'" The present report covera renearch on thig pro-
f this research has ween

4

gram from May 16, 1952 to May 15

accomplished asg S. M. thieses at M. 1.T., and appyopriate references indi-
¥ PpYop

cate the staff members whose contributions conastitute the research.

Prepared by: Approved by:

A, 9y < : /) /{% 2.7 /
W. W, Séflert
Agzintant Director

M. V. Mathews
Rescarch Agsistant
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The work accempiist e past year ai the Dyasaimuic

Analysis and Contro

£

ahoratory on error analysis for analogue

3 computeirs is summarized and illustrated with examples. Various

methods of crror analysis are examined to uevermine how they com-

ninc to form an effective error-analysis tool. Methods are presonted

| S

g >

for testing compnter components and {.r stalistically describing their

errors. Consideration has been given to components that are essentiall
", 'y

B

linear feedback systema but that include nonlinearities such as backlash
: and limiting. The propagation of errors in typical compuicr problems

is examined ihrough the sslution of a set of linear difterential equations
| which _pproexirnately specify the error propagation. The linearizing ap-

yroximations are justified experiment~lly for the probliems considered
p J ¥

The error propagation in a computer is examined experimenially

and analytically. Calculated errors, determined by linecarization i.p-
plusimations, are compared with observed erxrors, Practical checking
methods to assure the proper operaticen of a computer and to locate faulty

] componenis and sctup mistakes are described.  In conclusion,

suggestions

' l for future work are outlined.
{
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(e INTRODUCTION

The development of practical methods for predicting and evaluating computer errors

‘s of considerably: importance because the value of the sol.tions obtained from an analogue

1

compuive depends to a large exient on how well computational errors can be determisied.

SN

The group operating the M. 1. T. Flight Simulator at the Dynamic Anaivsis and Control

\ ot

Laboratory is particularly interested in this problem of error analysis. Consequently,

members of this group have been engaged over the past two years ina program designed !

to lead to a better understending of the nature of error generation and propagation in

analogue¢ computers. A full statem
vigioned by the Dynamic Apalysis and Control Laboratory is given in a proposal which

was adubmitted to the Office of Naval Research in March, 1952, The proposal is summa- i

rized in Sec. 1.1. ]
Most of the work included in this report was accomplished as thesis research at ihe

&
.A.C. L. Inparticular the work of M. Mathews, : i1. Mori, 2 G. Ravow, s and

ith ¢ significant results and = much better

" L (O, .
N. Trembath  will be gummarized, Although som

understanding of the over-all problem have heen chilained during the first year of work

under this program, progress on the task as originally outiined has not be<n as great as ]

anticipated for two principal reasons. First, an unexpccted shortage of personne! has

limited the number of man-hours which could be allocated to the pregram and thus con- i
siderably restricted the rate of progress. Second, several of the investigations pro- |

duced negative resuits, showing that some of the objectives as outlined in the origina!l

proporal were ampractical. While the negative results are worth obtaining, their oc- }

currence h.s made necessary the reorientation portions of the basic program. At

presernt this reorientation has not bzen completed because some basgic problems rmust he

resoived before the direction for futu:.e research can be decided. ;

1.1. Buriel Restatemecent of the Problem,
]

The original propossal outlined certain specific areas which would be investigated

under the error-analysis program. Though they arz not divided precisely in this way

in the original yrogram, the work of the past year can be divided best as outlined in i

Sec. 1.11. !

1.11. Areas of Investigation.

Component Errors.

In this work, methods were to be developed for testing and evaluvating practical com-

puter components in order ic determine the errors generated by the components. In gen-

eral, the errors were to be determined both as random functions and as functions of the

The eriovs w re to be evaluated in a form which would

3 specific input io ihie components.
[’i
g £ 8 1 i 31 . ; i
3 References are listed in the Biblioyraphy of Appendix A.
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e useful a4 input daia in ithe problem of determisning the ¢rror propagstion in a com-

puter,

Droblem Errors.

A seccud subject for investigation was the way in which errore prapagaic ina
particalar problem consisting of a set of dificrential equations. A satisfactory method
si evaluating error propagation before a problem was set up on a computer weouid pro-
vide a2 way of seeing whether the computer could produce an acceptably accurate solution
te the problem. Consequenily, this atudy was to be divorced from the characteristics
of any specific cornputer, if possible, s0 as to be gensrally apnlicakle, Einie & noimoss

)

f theories for the propagation of errors heve already been develogped, & the major work

=3

in this area would conaist in determining whether the theories actually could be applied
to practical problams, and in simplifying the computations involved so that useful in-

formation coauld be obtained at a reasonable cost.

Compuier Errors.

Here an experirnental study of error propagation in an actual compu‘ing machine
working on a specific problem was to be made. The propagation of both inherent errors
generated by the computer componants of the machine and artificia! crrors purpcsely

injected into the machine was tc be ¢xamined. By means of this study, metheds werce

-]

to be developed to evaluate better the errors in the machine solutions and to increase
confidence in the accuracy of ihe machine results over a wider range of variation in

problem parameters.

1.12. Additionai Arezs for Investigation.

Besides these studics, two problems which were nct considered in the original
oroposal have been added to the errcr-analysis program. The first of these is an analysis
of the Flight Table section of the M.I.T. Flight Simulator, and the second is a study of

gsome practical operational techniquee for impreving computer efficiency.

Prior to the inception of the errcr-analysis program, a report analyzing and evalu-
ating the Flight Table section of the M. 1. T. Flight Simulaiur bad been approximately half
compieted. The report was not only te describe the Flight Table in specific detail but
alzo was to serve as 2 general explanation of the design, construction, and evaiuation of
a complex compuiing component. The publication of the repcrt was belicved by the Dy-
namic Analysis and Contrcl Laboratory and the Office of Naval Research to be an im-
poertant contribution to the field of analoguc computation. In consegueonce, part of the

work cof producing the report was added to the <rror-analysis program.

B
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Practical Operational Technigues.

While thhe problemas in the original error-analysis proposal
theoretical, they are not considered {romn a viewpeint as practical as tha
problem engineer faced with the operation of 2 cemputer on a specific problem. 4 1e-
view of operating experience 2t the D.A. C. L. showed that the efficiency of computer
operation varies significantly ag 2 function of the skill of the operator. In particular
an important part of the operating time is spent in finding and eliminating setup mis-
takes and fauity components, and the extent of this check-up time depends largely on the
operator's skill. As a rezault, it was though worth while to study the trouble-shooiing
techniques used by good upirators, and to analvze and codify sormne of the most success-

ful techniques.
Z. GENLRAL OUTLINE OF PROGRESS

Beiore the details are given of the werk on these studies, thia section is presented
to summarize cver-all progres « and to show how the studies do and do not combine to

form a unified errox-analysis tool.

Z.1. Component Errors,

The study of errors generated by components has produced powerful and easily
applied techniques for determining the average error produced by a component, given
the etatistical properties of the input to the component and the statistical propertiecs of
any noise generated inzids the component itself. The method= are ap ‘ticable to the ma-
jority of computer cornponenis that can be represented as essentially linear devices that
are subject, however, to a number of inescapable nonlinear iimitations such as saturation
and stiction. The theories developed offer a means of evaluating the average errors in
2 component output and thus provide reagonable methads for evaluating the guality of a
computer compo=ent. Nevertheless, the methods for calculating the instanianeous time
f\mction* of the output error resulting from a specified input to the component are not as
vet practical.

Although now iy ia feagible to measure both the linear ard nonlinear characteristics

O

i most components well encugh so that their errors with & specific input can be calcu-

—

8
ated by numerical-integration methods, such caiculations take much ico long to

o

e of any
practical value in error-analysis work. Most of the techniques for the analyiic invaati-
gation of the propagation of errors require as data the crrors expressged as instantaneous
time funct:ons. A practical way of calculating these time-function errors is one cof the
essential links still missing in the general process for evaluating computational erroras.

Nor does it seern that this difficulty will be ¢vercome easily because the problem has

An implied assurnpticn here is that the independent variable of computation is time.
The assuraption is true for the majority of analogue compuiers,
p g



B v

—— oy

been reduced csaentially to one of calculation, and the caiculations have been proven to
be inordinately long, even with the help of the most modern computing techniques. Thie

aroablemn is one of the impasses delaying the error-analysis prograin.

2.2, Problem Errors.

Analytic investigations of the propagation of erroivs in a system of differ~ntial
equations have shown that the approximations involved in the theory of these calculations
are justified, if not in gr neral, then at least for the systems of differential equations

i

that were tried. The principal approximation involvad is that the errors propagate ac-
«f linear diffierentixl equations even though the problem consists of a

cording to a sex
set of nonlinear differential equaticna. Additional appreximationa 2ve required {or the
golution of the linear differential equations.

‘The propagation of errors was examined in & hand-calculated numerical check
which was comgputed for 2 problem carried out on the M. 1. T. Flight Simulatox. The
error-propagation analysis gave the approximate shape and magnitude of the errors in
the solution as functions of time. Since for this particular solution the actual errors
were known, the agreement between the actual errors and the calculated ¢xrrors could
be measured. The agreement wias as good as could be required fur «rror-analysis work,
thus justifyang the approximations.

The problem studied was quite a bit simpler than problems now being set up on the
M.I.T. Flight Simulator, but wrobably it is above the average complexity of thos. set up
on the usual electronic differential-analyzer installation. Despite the fairly simple na-
ture of the problem,; caleulating the errors took approximately 70 man-hours of work,
While this amount of work might be shortened somewhat through the use of ingenicus
methods, one 18 forced to conclude that the calculation of errcrs seldom would be justi-
fied in dealing with nractical problems. This conclusion togeth:r with demonstration of
the thevretical feasibility of calculating crrorz is the principal resuit from this part of

of the error-analysis work.

2.3. Computer Errors.

In the experimental investigatien cf the propagation of errors in an actual computer,
roughly the same conclusions were reached as in the previous analytic investigation of
problem errors; that is, while the theories for determining thege errors are unques-
tionablv sound, the practicai caiculations take so much time on the computer that only
very rarely would the knowiedge of an error be valuable e¢uough to justify the cost of its
determination. The complete evaluation of the errors for one machine solution took
roughly 80 hours of machine time. The inachine time of the M. 1. T. Flight Simulator
costy approximately 31C0 per hour; hence, the total cost of *neasuring the error is large.
Also, such 2 time-consuming error mearurement defeats the purpose oi an analogue com-
puter for most types of problerns, where iis great advantage is its ability to obtain a

large number of solutions in a ghor! time,

B



The main approximation involved in the prophgalion iheoTy is again that the «orory
propagate accordiag to a set of linear differential eqguations. The approximation was
juntified by solving the linear error-propagation cquations for a typical problem. The
problem was of average size for the M. i. T. Flight Simulator. It involved 12 integrations
and a number of nonlinear operations such as vector resolutions and multiplications. The
solution io the linear error-propagation equations was obtained using the computer 22 sei-
up to solve the original problem. The solution was cbtained in the form of a set of super-
position integrals. With use of the superpesition integrals, it was possible to caiculate
the errors ca-ged Ly any compunent errors and to corapare the calculated errors with
actual errors observed in the solution. A good agreerent between calculated and ob-
served errorg was obtained,

While the theory for determining the errors was justified, the practical difficulties
in applying the thenry were shown tc nhe great. The impasse in all the errox-analysis
work done sc far has not been the failure of or even the lack of theoriez, but rather the
impossibility of applying thesge to achieve useful resuits with a reasonable amount cf time

and effort.

2.4. Practical Cperational Techniques.

Two methods have been developed for the rapid discovery and elimination of faulty
computer components and setup errors. The metheds were evolved gradually by the op-
erators of the M.I.T. Flight Simulator; hence, the work done under the error-analysis
program consisti mainly in evaluating and describing the operators' techniques. The
t ¥0 methods discuszed in this report are general in nature and can be applied to a wide
variety of analogue computers, noct merely to computers similar to the Simulator.

The first of these methods, "'Siatic Checking," effectively eliminates all the time-
varying elements in the computer and allows the constants of the nondynamiz elements to
be measured accurately. A "Static Check is a relatively simple, fast means of assuring
the proper operation and connection of a large portion of the computer. Of course, the
“"Static Check' can give no information concerning the dynamic computer eiements.

in order to test the dynamic elemsents, 2 second method called "Dynamic Checking,"
was tleveloped. A "Dynamic Check" exercises and examincs both the static and dynamic
elemenis of the computer. "Dynamic Checks' range from very simple tesis of single
nte io complete terts of the operation of the entire computer. In general,
hecks" are more cumplicated than the "Static Checks' and require more

In addition to developing these ircuble-shooting methods, the work of evaluating
actual computer nperating procedures showed that the physical arrangerient of the com-

puter has anr important efiect on the time needed for trouble shooting. In particular, it

n
po
was concludeid that a great deal of time could be saved merely by the construction of cer-
tain auxiliary interconnection pancls. Such auxiliary pancls decrease trouble-shooting

time by providing rapid access to all the signals i the computer.

-9



In April, 1521, a compreshensive analysiv and evalnation program was initiated to

obtain positive infocrmation on ihc sources of errors in the 3-axis flight table associated
with the M. 1. T. Flight ulator. Knowr sources of errors included drift, backlash,

friction, saturation, and dynamic effects associated with maultigimbal operation. As a
background for this program, a report was te be prepared summarizing the status of the
Flignt Table at that time because no such compilation of inferrnation was available.

The preparation of the report, “Inteiim Report on the Flight Table Section of ihe
M.I.T. Flight Simulator,” har proven to be a more extensive task than first visualized.
To date, a large portion of eight of the ten chapters has been written, and the completed
report may require between 400 and 500 pages in two volumes, the larger one unclassi-
fied, and the samaller classified SECRET in order to include the results of certain sim.-
uiator programs. Every effort is being made to present a compl 'te, accurate deacription
and evaluation of the Flight Table, with associated components, and to draw from this in-
formation pcaitive conclusiona that may serve as guides in future work. In order that the
material which has been written may be of immediate usc, it is being given a very limited
advancead distribution in hectograph form.

Concurrent with the preparziion of the report, a number of tests have been con-
ucted to isclate sources of driii aind nonlinear operation in the gervos associated with
the Flight Table. These tests utizized elementary metheds to give information that will
be helpful in improving servo performance before a more detailed analysis iz made by

means of methods discussed clsewhere in this memorandum.

3. THE STATISTICAL EVALUATION OF ERRORS
GENERATED BY COMPUTER COMPONENTS

The work summarized in inig seclion as directly applied to compuicr companents
is taken from Mathews' thesis. ! Hecwever, in as much as most of the analogue cemputer
compnnents are typical of cornponents used in many other systems, the component-
evaluation methods here presented have wide applications. Some methods that were

cveloped for evaluating the performance of computer components have fa: outgrown

their original area of usefulness and are being applied to a variety of .ontrol systems.
Advanced research of this type is of 2 more general nature and is not of direct application
to the error-analveis program. Conseguently, some of the advanced rew.earch has been
separated from the error-analysis program and is being done us part of another program
Some of this research i8 publiched in two D.A. C. L. reports. 7

The two problems now to be considered are the following:
i. Evaluation of the iransfer characteristics of a component.
2. Represcatation of component errors as extraneous sources adding

errars to the signals in the component.

In both problems, a statistical approach is taken. Methods are developed for cstimating

-16-



he average values of varicus errora. The staiistical approach is necessary, partly be-
cause it is the most realistic way of capressing certain inherently random evrars and
partly because more apecific methods of anaiyzis did not prove feasible becaus~ of the

iengthy computations involved.

3. 1. Ewaluation of Cemponents.

Most computer cumnponents are pari of a class of apparatus designed to operate

UC\

linearly but in wnich significant nperating errors are caused by inescapable nonlinearities.
Even nonlinear components such as multipliers can be included in this class because the
nonlinear operation is achicved by an assemblage of parts, most of which are intended to
operate lincarly. Lincar theory is usually sufficient to determine the gross way in which
the compenents {unction. However, in determining the aeviations between how the com-

o Hiant

1CT

e

po works and how should work, the noulincarities hecome very important and must
be taken into account.

Two reiated types of problems arise in the evaluation of a cemporneint, First,the
linear and nonlinear cisracteristics of the components muset be determined. Second,
once the character of the component is kinown, the ¢rrors gene 'ated when a given type
of input ie applied to it rnut be calculated. Numerous atiempis have heen made to selve
ihie firat problem by dismantling the component either actually or figuratively, examining
the characteristics or the individuai par*s and then reassembling the individual character-
18tics to see how the componeni opsvates. Usually the attempts have succeeded orly par-
tially, probably because it is not possible to take proper account of the nonlinearities in
the parts. A synthesis process in whkich the coinponsition of a compenent is deduced from
ity response o suitably chosesn tosis ¢ffen proves more satisfactory. The second prob-
len: is one of analysis because here the gystem and the input are given and the response
is to be determined.

For lumped-constant, tirne-invariant linear systems, fairly general methods have
been developed i Loth the analysis and the synthesis probleris. As might he suspected,
the synthesis problem is more difficuit than the analyzis problem. However, for non-
iinear systems there are no general methods for suviving either prebliem. In consequence,
special techniques have Been develope? for handling limited classes oi nonlinear systems.
At tae present time, the analysis problem has bLeen solved more completely than the syn-
thesis problem. A method has been developed at the DA, C. L. for det>rmining the ap-
proximate statistical rezponse of 3 class of nonlinear systems to Gaussian random input
signalg. The ¢lass includzs aystem=s made up of (1) linear elements, cither passive or
active, with energy storage; (2) feedback paths; and {3} nonlinear elements without energy
storage, with an output which can be expressed as an instantaneous function of input.
Thus, the class includes a great number of cemputing elements with signiiicant nonline-
arities such as limiting and backiash., Therefore, even though the analyeis ts not general,

it is of great practical value.

The inputs considercd are Gaussian random signals. Himilar methods of analysis

d -



. 9, ¢
have been de veioped where the inputs are sinusoxds.,

flowever, the random-signal
analysis possuszes several advantages which ranake 1t of grcat intevest. The signals in
computers are usually nct sinusoids, thus the sinusoidal analysis ie not especially ap-
propriate. Furthermore, the exact nature of the sigrais is seldom kncwn in advance,
and it ie necessary to characterize the signnls statistically. Alsc a siatistical chacac-

I

cation z2llows the rapid calculation of over-all average quantities and affords a yreat

pafr

(123
saving in time over calculating the exact outputs frorn specific inputs. The analysia

<

scheme considere only Gaussian randsin signale, purtly because these are the only type

[+

o -
<

of random signals for which it is as yet feasible to carry out calculations, and partly
cavse such signale are a realisiic approximation to many computer signais.

It 18 beyond the scope of this report to describe the dctails of random-signal analy-

sis procedure. References are giventso two D.A. C. L. reports. T One example of ihke
esults of an unalysis applied to a typical computing eiement is presented (o anow &
general type of information obtained. The computing element is the electromechanical
integraiar servo used in the M. 1. T. Fiight Simulator. A bileck diagram of the serve is
shown in Fig. 1. The integrator is basically a rate servo using tachometer feedback to

achisve an approximatle i.ztegratiun between an electrical input and mechanical cutput.

. l "
i 1 }
semw, || TAGHOWETER |-4=] ot arBox | ¥
o3 ;Jl—q ANMPLIFIER]™ -aomf-}_—‘;: TACHOURETER f3—{ GEARBOX l—;.—_i cLuTCH F}—{Po l
T J o

Fig. 1. Block diagram of integraior servo.
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canvertg the mechani<a
mechanical ouiput times the voltage eM which excites the potentiometer. The analysis
take« into account the primary {eedback loop including the serve amplifier, motor, and

tachometer, The ervors

rbox, clutch, and potentiometer are con-
sidered in Sec. 3.2. Figurz 2 shows a detailed diagram of the feedoack sysicin and gives
the time constanta of the various parts of the system. The principal nonhinearity in the

integrutor is the torgque limiting in the servomotor.
(]

The respo € of the servo to a random i nnnt Blgnal with a quad power gpectrum
. 5 . : 8% :
is graphed in Fig. 3. The points are experimental results and the curves are analytic

resulte. ‘Lhe response measured is the rms error E, because for error aralysis this is

inore significant thar the actual sutpait R, The response is plottod as a function of the

x

Figure 3 le taken from D.A.C.L. Report No. 70, in preparation

=il
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rms input I for various values of band-

width of input w It is possible to aee

I
heuristically what the shape of the re-
sponse curves should be and that three
different regions of operation shouid exist.
At low amplitudes of input, limiting is in-
significant, and the error is a linear func-
tion of 1 for any particular value of wy -

Ag ] is increased, the effect of limiting
caases the error {o increase more rapidiy

and ithe E curve bends upward away from
5

. X

ithie linear portio X the input wae increased
safficiently, E again becomes a linear func-
ticn of T, this time because E equals L

Here the verve no longer has any errov-
reducing effect. Figure 3 shows only the
lower two operating regions since the ex-
perirnental data were not extended to the
regicn where E equals I. Lincar calcula .
tions can be used to find the response in

the region of low input, but a nonlinear



nalysis 18 neceasary to caicuiate the response in the middie region. The generally good
agreement between the experimental points and the analytic curves of ¥ig. 3 jusiifies the
approximations made in the analysis for this particular case cf a typical computer cem-

o

The corresponding nonlinear synthesis problem can be presented in terrms of the
analyais problem just considered. The data for the synthesis problem are the responne
curves shown in Fig. 3 along with such information about the form of the component as
would alwaye be known in a practical problem. By form of the component is meant its
operational struciure. Inthe example the form is that of 2 single-ioop feedback system.
Prohkably something would also be known abhout the location and character of the non-
l.inearities. From thease data, the various time censtante and the characier of the non-
linearity shown in the block diagram of Fig. ¢ are to be determined. The procedure {or
the determi:.‘tion has nct been worked out as completely as the analysis procedurs.
However, enough has been done to indicate the uszefulness and importance of the syn-
thesie method that is beginning to be developed. The work which has been published is
in Mathews' t'hesi-_-1 and nc attempt will ve rnade to surnmarize it. Only two comments
will be made. First, the synthesis is based on the saine approxiimations that are in-
involved 1n the analysie, and thus should be valid for the same type of system. Second,
since the synthesis uses the response ol the component as data, the synthesized system

will respcend in the same way as the actual component. The response

s the most im-

=N

portant aspect of the component for error analysiz. Thus, the sy'nthcsi.r should prove

to e an important tool for error analysis.

o

3 2. Representation of Component Errors.

After a component has been evaluated, the problem of how to represent the errors
produced by the component still remains. Usually it is not convenient to consider a com-
puter to be made up of a ccollection of real componenis with characterisiica differing
slightly from ideal components. The response of such a computer weuld be very diffi-
cult to determins because real components are much more complex than ideal components.
Instead, it is better to consider the computer to he consiructed from ideal components
pius & number of error scurces that produce an effect equivalent to the .. rors generated
by the real components. The errors in the real computer can then be determined as the
response of the ideal compuict to the error sources. This ermination is difficult, but
is far eanier than directly determining the response of the real computer.

Most real componenis can be reprecented in this manner, but a number of sources

for a good representation. Ag an example, an error diagram used for

the integrator gervo is illustrated in Fig. 4. Four error summing points are shown.

At the first iwo surmming pcintg, errors arising from {1} the inexact transfer function of
the real integrator o {2) drift in the integrator %)D, and (3) noise picked up in the inte-
grator €, are acdecd to the input and output of an ideal integrator. Each of these errors

can be eva!uated experimentaily, at least tor 1ts siatistical properties. The transfer —

N
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Fig. 4. Integrator errcr diagram,

function errors e, are essentially those shown on Fig. 3 for the caae of 2 random intr -

T
grand input. Other ¢rrors such as clutch slippage 9(3 backlagh in the gear train GB.
and errer intreduced by the potentiometer e are intrad

points,

The definitions of these errors and the points at which they are addec into the com-

ponent signals are in no sense unique. The important consideration is to choos+ con-
venient definitiorsz both with regard to the mneasurement of the errors and the effect of

the ¢rroras in the component,

The problem of measuring errors is The main difficulty is that com-
puter components in many cases have been perfected to a higher degree than readily
available measuring ‘nstruments. Thus, the errcrs in the comgcnents may be amaller
than those in the measuring ingtrument. This difficuity is most severe for dynamic
measurements. In conseguence, indirect ways of measuremsnt muzt be developed for
many errors.

In the integrator servo example, the effect of all the error sources can be com-
bined into cne ¢rrour added to the output of the compon The equivalent circuit of the
real component is gshown in ¥ig. 5 where the cutput error EO may be evaluated from
Fig. 4 and is
+e

EO=KPL(Afert+eD+eN)G+e +05 1+ ey (1

[ S——

where Kp ig the convergion constant of the potentiometer (vo oite/radian) and G is the gear

ratio. The method of representing the errors in Fig. €

fo is convenient for astudying the propagation of exrors in a
g Lf'\ R computer, as will be shown in Sec. 5.
™ " weAL ____4 )
sy -y MTEGRATOR Some of the error zources in the intzgrator servo,
zuch as the noise error £ . and the 2rift error 9 are
" o afs £ N D
Fig. 5. Repreaentation o
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speuific time functions. Other error sources, such as tranasfer-function errors e, 2re

functions of the input to the servo, and could be evaluated as a specific time function for

a specific input. Still other sources, such as backlash OB and potentiomatcr errors Cp

P semewhat on the input but alss are afizccted

by random variables, Even though it is poesible to calculate ey as a gpecific time func-
tion, such a computation is zxceedingly long because the nonlinearities in the component
require the computation to be made by some numeiical-analysis method. In censequence,
no attempt yet has been inade to evaluate time-function errors  Instead, statistical
errsors have been evaluated for the case where the component input is 2 random signal

and thus wherre all the errore in the coniponent are random. For a random input, the
various error sources in Eq. (1) car be assumed to be uncorrelated. The mean-square

[ . " 3 = .
outzyut error E is \hen the suri of all the mean-sgquare errors and can be written
o 0]

2 _ g2 zf 92V62 1 62 402 |4 o2 [
E,. [- Tdt+9 /C- +9C+0B tep . (2}
The mean-square output error as given in £q. (2) has been evaluvated experimcnta_‘._é for

the integrator aervo, and is a measurec of the cuality of the serva. Not only does EO

provide 4« measure of the total error but also makes casy a crmpariascn of the relative

magnitudes of the various terms that make up ES,and thus a compariscn of the relative

f\'

importance of the various scurces

For a typical component, anything approaching a complete representation of the

errors requires a2 number of error sources. The problem becores invoived, even whe

nly statiniical errore are considered, as can dDe seen from the complexity of Fig. 4 and

©

Thus, for the large number of components in the usual computer prob-

=

Eqs. (1) and {2}.
lem, a statistical approach in the only one which cculd possibly produca: an error-analysis

problem of a manageable size.

4. ANALYTIC INVFSTIGATION CF THE PROPAGATION OF
ERRORS IN A SET OF DIFFERENTIAL EQUATIONS

4.1. The Problem of Trror Propagation.

A knowledge of the way in which errors propagate in a problem consisting of a set
of differential equations is of imporiance in estimating whether 2 problem can be solved
on a given computer to a gpecified accuracy. How the errors propagate is a measure of

the sensitivity of the problem to the errors that wili always be introduced by 'he com-

u..
“)

ponents of any aciual computer. The sensitivity, however, is a function of the pre
itself and not of thi» specific computer on which the prcklem is solved.

The work described in this saction was done by H. Moz-i2 in his diesis, "The
Amnalysis of Numerical Check Solutions for the M.I.T. Flight Simulator." The particular
ihesis problem was the examination of the prosagation of errors in a numerical check

solution. Aithough Mori actually dealt with numerically solved check sclutions, his



—

work in calculating error sengitivities is of direct ‘nterest in the crror-analysie program

because the sensitivity of a problem is independent of how the problem is solved and be-
caure his check-soiuiion problems are typical anatogue-computer problems. Aiso, since
Mori determined error scnsiti' ities analytically, without the asaistance of an analogue
computer, the methode he used might make it feasible to estimate the errors i a prob-
iem before it was actually solved on & computer — » procedure which is one of the ok -
jectivea of the error-analysis program.

The meaning of the phrase ""propagation of errors' should be clarified betfore going
into the details of how the propagation is cvaluated. It is convenient and theoretically

always possible io present ordinary differential cquations in the torm

42,
— =, (2), Zy oy 2, 8) k=1,2,...,n. {3)

The £ functions are in the mnat gencral case nonlinear functions. The independent vari-
able t in the differential equations may he thought of as being titnie withou! any loss of gen-
erality, and will be so referred to in the remainder of this report. The solutions to the

dafferential equations are functions of fimc and may be written
Z(t):Sk(t), k=1,2,...,n (4)

where Sk(t) is the exact solution to the equations for a given se! of in’tial conditions. The
soluticns depend not only on the £ functions but also on the initial conditicas which for
equations in the form of Eqs. (3) are the values of Zk(G}.

In solving the equations an error might be made in one of the vari
time :ﬂ. The way the error is actunlly introduced is not importaut since attention Lere
is concentrated on what happens to errors once they are introduced. The assumption is

made that

Z,(t}=5(t)+E (5)

where E is the introduced error. Introduction of the error is equivaleat te beginning a

new problem at time tn with initial conditions slightly different firom thosc of the original

soiution. As

functions. The case in which the error increases is of course the most

t increases, the error E may either decrease or increase depending on the
nature of the f

difficult for computation, and such problems can Lo called scnsitive to errars. The rate
of increase is & mcasurce of the sensitivity, and the task for error analysis is to find some
way of evaluating the sensitivity,

The previcus discussion has considered only the effrcis on all ihe variables of an
error committed in one variable at one tirmce, In an actual problem the effects of an error

comrniiied at any time on any variable nust be considcred. Thus a problem with n
-17~
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variakbies, in which it is desired to examine the error characteristics ai m different

N

times, will have i~ % m gensitivity functions. Clearly, even a small problem wiil re-
quire a great deal of information to speciiy its sensitivity, and soine way of simplifying

the requiremenis ia essential.

4.2. Linearized Study of Error Propagation.

Because the introduction of errors in a problem is equivalent to a change in initial
conditions for the problem, the propagation is governed by the differential equations of
the probiem. If these equaiions are nonlinear, then the errors propagate according to
a set cof nonlinear equaticns, Although it is possible to solve the nunlinear equations,
no general methods exist for sinmiplifying and extending the soluticns. The error sensi-

tivity of the problem always depends on the specific errors made durin

<}
O
"
-
3 0
%]
(2]
r—
-
1=
o}
3

and uwo means is available for separating the sensitivity of the problem
methad by which it is solved. In view of the large amount of information reguired to
specify the erro.: sensitivity c{ a problem, some way to simplify and generalize the sen-
sitivities is a practical necessity.

The method used to achieve the simplification is to assume that the errors are

>

sufficiently small with respect to the problem variables that t'hey propagaic according

to a set of linsar diifar=ntial equations. The many general mathematical toels for ana-
lyzing linear cystems then are available to study the errors. In puriicular, superposition
is applicable, and the separate effects of individual errors applied one at a tirme can be
summad to obtain total aolution errors. It is thus possible to make a practical separatio-
between the sensitivity of a problem to errors and the specific errors committed during
its solution. Of zourse, linearizing the error-propagaticn equations is adrnittedly an ap-

2

proximation, but it iz certzinly a necessary approximation in view of the comnplexity of
the error-analysis problem. Mori‘s work in showing the validity of the linearization is,
therefcrec. of vonsiderable significance.

The 2pproximation procedure used to linearize the error equations is a fairl),"
standard processs. The particular methods used by Mori were presented by Brock and
Murra'js in a Project Cyclone report, Slightly differert methoda have been developed by
Jones, 6 and these will be discussed further in Sec. 5 which deals with the propagaiion of
errors in actual computers. The lineari.ation methnd used by Mori can be illusirated in
terms of the problem apecified by Eqs. (3). If the equations are solved by some inexact

method, then the approximate solution Zk(t) can be expressed as

Z, (t) = Sy (t) + E{t}, X=1,2,...,n (6

where Sk(t') 18 the exact sclution and E, {t) is the error. After substitution of Eqs. {6) in-
to Eqs. {?} and the assumption th E (t) is suifficiently smaller than Jk(t), then it can be
assumed that

-18-
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without the introduction of a significant error. But since Sk(t) is the sciution to Eqs. (3),

dSk
—= =26 (S..5,,...5_, t) k=1,2,...,n, (8)
dt ® i A ¥

and Eqs. (8) may be subtracted from Eqs. {7j with the remaindev

dE "oaf,
_k.y “Kgm k=1,2,....n. (9)
a ... s,

J=177)

Equations {9) are the desired set of iinear equations governing the propagation of errors.

<tually Egs. (9) are the homogeneous equations for the propagation. No mention bag
Lsen made of a forcing function, consisting of the specific errors made during the in-

exact solution of the original differential equaiions. The solutions to the homogenous

eciiy compieiely licw the exxors props

Hiow the exrvors propagate and it ie not difficult to de-

e
-
s
o

el

termine any par

-

icular solution frem the homcgenous solutions.,
Although Eqa, (9) are linear, they are not constant-coefficient linear equations.

@ ctions of
time but also because they are functions of the Zk’s which vary with time. As a conse-

The coefficizntas 3f, /I9Sj vary with time not only because they may be direct functi

quence, exacti solutions for the equations cannot be obtained in terms of elementary func-
tions. In order to avoid sclving the equations numerically, a procedure that would have
taken 2 great deal of computation, Mori divided the equations inte sections in time and
approximated each section by a set of constant-coefficient equations. He was thus able
to obtain an approximate solution to the equations in terms of secticus of analytic func-
ticns., Theorctically, by using many small secticns, a very guod approximation to the
sclution could be oblained. However, tc save work, Mori used only a few large sections.
By this fairly crude method he was able tc obtain an accuracy sufiiicient for error analy-
s8is. Neverthelesa, it should be pointed out that there are two essential approximat.ions
in his final error-propagation solutions. The first is the linearization of the original
equations, and the second is the approximation of the linear equations by piecewisc
constant-coefficient equations.

Most of the time spent in zvaluating the error propagation in the problems that Mori
considered was used to sclve the piecewise constant-coefficient eguations. The details of

golving the eguations are straightforward arnd are not of sufficient interest tc be included

<

here. Matrix methode were i:sed to allow orderly caiculations and io obtain the required

gen=ral homogeneous solutizns to the equations with all arbiivary constants. Ths prab-

lem considered reduced to four indepenient variables; hence, 4 x 4 matrices were
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involved. The rnain work of the solution consisted of {inding the characteristic roots and
c

=5

characteristic vecicrs for the matrices correaponding to each of the piecewise constani -
coefficient sections. As a typical example of the amount of time involved, approximately
70 man-hours of work wure requived to solve one problam that was divided into three sec-
tions. This is approximately the same iime as required to obtain 2 complete solution to

the original problem by numerical-integration methods ueing a desk calculator.

4.3. Practicability of Analysis of Propagation of firrors in Differential Equations.

The particular check sclution that was examined as a sample problem was chosen
partly because two solutions to the problem were available, one of very high accuracy,
the other of rather poor accuracy. Thug, the errors in ihe sccond selution couid bs com-
pared with errors calculated in an error-propagation analysis, providing a check on the
propagation analysis.

The problem, pu in the form of Eqs. (3),is the folilowing:

dY . Asin©+ B sinke (10)
dt
ﬂ:Ac050+Bcoskt (il)
dt

15

dt

Mo oux, v, 6, ¢ (13)
dt

where X, Y, 6, and ¢ arc the dependent variables and t is the independent variable. The
problem solution is of intereat for t between zero and T. The linearized error-propagation

€quations corresponding to Eqgs. (9) are

dEy
—- = Alcos B)E, (14)
dt
dEy
~== - A(sin 0)E (15)
dt
dE_
9
- 16
” b (16)
—teodi g 2 0 poa e a e {17

&t av Y Ty X5y By

where Ey,' Ei{* EG‘ and E¢ are the respective errorsin Y, X, 6, and . The coefficients

in Eqs. {14) through (17) are functions of time. For exaraple, in Eq. {14) A sin 8 varies
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with timie. By an examination of the variation uf the coefficients, the problem was
roughly secticned into three parts, 0 <t<0.4T, 0.4T<t<0.8T, and 0.8T<t<T. Figure
62'4! shows a typical soiution to one of the linearized sections of Eqs. {14) through (

Here ti.e error propagated in X caused by

an error injected into X is graphed. In

this case the propagated error decreases

with time, demonstrating that this par-

= e L - z St -
T:’ ” ! ticular portion of the problem is not very
g o i A/‘Ji"‘@ sensitive. Naturally, many cther propa-
z 47 gation functions like Fig. & would have to
: R ——~—;\/i J be shown to specify completely the error
/ % sensitivity.
,cil,_’y/‘f | Th= over-ail error in X caused. by
) Gl 02 03 04 05 08

PER UNIT SOLUTION TIMF (N T all the co putatxonal errors is shown in

Fig. 7. G The calculation of the error in

_faa o

X raquired eatimating the errors comuniite
injected into K. during the solution of thic check solution.

.

However, because the check sslution was

solved numerically, this estimation was pagsxbus- In Fig. 7 the calculated errors are
compared with the observed ervors. The calculated errors agree very well with the

observed errors for smsail values of §, and for ail values of t the calculated errors show

the order of magnitude of the okgerv:d errors. The apparent discontinuity in the ohserved
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Figure 6 is adapted from ¥ig. 3.3 of Mori'e thesis.

[PUNS #V]

*Figure 7 io adaptcd from Fig. of Movi'a thesis.
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er>or was due to nnusual addition of the round-off crrors made during the numerical #6-
luticn of the check solution. This roand-nff error was not taken into account in the cal-
culated error response. Had the round-off error been taken into account, a much hetter
agreement between the two error curves would have been obtained.

The accuracy of the calculated error curve is certainly as good ae is required to
estiimaie error magaitudes in practical applications. Thue the approximations made in
lincarizing the error-propagation equations and in sectioning the time-varying linear
equations are justified.

Several conciusions can be drawn from the analysis and examples of error propa-
gation in a problem. A good estimaie has been obtained of the requirements for deter-
mining the error sensitivity of a problem and for predicting the errors that will be made
by sclving the problem with some actual computer,

In order to calculate the errcy sensitivity, it is necessary to have, in addition to
the differential equaiicns for the problem, ar acpproximate solution to the problem. Know-
ledge of the approximate sclution is necegsary in order to evaluate the 3 f /’az}. coefficient
in the error-p opagaticn egquatior. However, as was shown by the success of the fairly
crude approximations used in the example, only a rough idea of the solution is necessary.
The time regquired to calcuiate the sensitivity depends on the size of the problem, the

size be.n.g measured by the number of variables. A four-variable prsblem took approxi-

]

wately 70 man-hours to compute. The amount of work required to manipulate a matrix

varieg approximately as the faciorial of the size of the matrix; hience, the time required
increases very rapialy as the number of variables is increaszed. Mori is of the opinion
that sensitivities of prohlems with more than five variabl:s will have to be calculated
with the help of an automatic digital computer because hand calculations would be tcao
tzdious. Usually, it wonld be desirable to make rapid estimates of a problem sensitivity
prior to its acceptance for sindy on an analogue computer. Making rapid estimates would
require the immediate availability of a digital computer, preferably in the same la%ora-
tory with the analogue computer. The combination of digitat 224 analogue computing fa-

cilities might be very effective for studying a number of kinds of problems. However,

@

uch a combination w.uld bc too expensive for a smell m"ganization {c maintain,

A knowledge of the error sensitivity of a problem may be sufficient to evaluatie icts
computability. However, if it is desired to estimate the errors that will be made on the
problem with a given computer, then the actuai time-{function errors introduced by the
computer componenis must be known as well as the problem error sensitivities., As
was pointed out in Sec. 3.2,calculation of the time-function errors is not feasible because
it takes too long. Also if the linearity and piecewise conntant-coefficient agsumptions
are allowable, determination of the propagated errorz from the injecied errors is a long
cornputation. The over-all conclusion is that it is not worthwhile attempting to estimate
specific propagatad ervors analytically by the methoda of this section. On the other hand,
the estimation of error sensitivities may or may not be justified depending on the specific

problem at hand and the facilities available toc make guch an estimate.
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| 5/ EXPERIMENTAL INVESTIGATION Of THE

PROPAGATION OF ERRORS IN A COMPUIER
Ag part of the error-analysis study, the actual errors in a computer anlving a

typical problem were tc ke investigate. experimentally. The general purpose of the in-
vestigation was to develop p.actical operational techniques for estimating the 2rrors in
the computer solutions. The line of attack on the problem was to mizasurea the sensitivity
of the problem to errorse of the type that are produced by the computer components and

tc ccrrelate this menaitivity with the actual errors observed in the computer seolution. In
s Gosired to determine the amount of computing time required to obtain
sufficient error-eensitivity data to estimate with confidence the errors in a particular

ar investigation

computer solution or set of solutions. The major part of this particu
3

was carried out by Rabow, and the detzils of this work arz reported in his thesis.

. 1. Xinearization »f Propagaticn Analvain.

In order to analyze the propagation of errors in a computer, it is necessary to

Py

assumié that the errore are relatively small and thus that they propagate according tc a

aet of linear differential equations. A similar linearity assumption was required in

Sec. 4.2 dealing with the propagation of errors in a set of differential equations. Methods
also were given in Sec. 4.2 for finding the linear diffevential propagation zquationa and
for obtaining approximate analytic solutions of them. If the errors are to be determined
expuerimentally, it is not necessary to exhibit the error equations because they can be

solved experimentally o the computer as sct up to solve the originai preblem for which

(%]

the solution errors are to be determined. However, it is essential to knew that the prop-
agation aquations are linear, and thus to be able to specify the form of the aclution. Also,
while in Sec. 4.2 solutions oi the homogeneous prepagation equalions were of the greatest
F interest in specifying the error sensitivity of the problem, here the main interest is cen

tered on pariticular solutions of the propagation equationg. As a consequence, the ways

®

iz 'which errors are comrmitted in actual computers must be considered. Errors wiil b

referred to as beiuy iiijccted by the computer. The precise meaning of injected vrzors

T

will he made clear subsequently.
The particular solution to a linear differential equation can always be expressed
3 y -

onztant coefficients, the

as a superposition integral. Where the eguations do not have

)

c
kernel of the integral is a general function oi {wg variable The method of expressing

the error propagation in terms of superposcition integrals was used by Jones. Amn error

in a dependent variable of computation can be written
i
E_{t) =] A_(t. Tie_(v)dr. 18)
pq‘) / pq( } q( ) (18}

The quantity qu(t) ig the error in the variable p caused by an error eq(t) injected into
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ariable q. Both qu(t) and eq(t) ara functions of time. The kernel, ,A;;q(" 7}, can be
considered to represent the response at tirne t to a unit impulse error injected at time
1. “The total error in varizble p 18 the sum of the errers produced by errors injected in
all the other variablee. Thus, in order to specify the errcrs in ail the variabies in ann
variable problem, nz kernelc must be determined. In the com p\.tnr.)\pq(t, T) can be
measured as a continuous function of t, for discrete values of . If m values of T are
conegidered, then m x nz functions are required to apecify completely the error propa-
gation in the problem. Thus, the same amount of information ie required here as was
required to specify the problem error sensitivity in Sec. 4.1. Indeed, Mori2 has shown
that it is possibie, though impractical, to calcuiate the auperpomtxon mtegral kernels
from the error sensitivitica. The experimentzl inethods dev ed by Rabow “ for eval-
uating the kernels are more practical.

It is iinportant to define injected errors precisely and to distinguish between the

error injected into a compwer variable and the resulting error caused by the injected
error. Although injection could be defined in a number of waya, the most convenient defi-

nition found so far is to consider the injecied error to be added to the variable it affects.

Thus, for sxample, in Fig. 8 the variable .z..k( i} i5 generated at some point, &, in a com-
puter apd is transmitted to other points, b, ¢, and d, in the com-
o TN puter. To inject an error e )} into Zk(t), the Zk(t) channel is
) __l I ,> | broken, and a summing circuit is inserted, as shc'wn. For the
!_zlm exampie, e, (t) can be congidsred the only error injected intc the
L_..--... = 2. 0o 4
° ¢ computer. e = 0, ther .'._-.\ equals S, {t}, the exact solutiun
[ b put If Wt quals 5,{r), th t solut
i COMPITER to the problem. ¥or e, (t) £ 0. Zk(t) wiii equal Sk(t) plus some

error Ek{t) that is pr oduced by the injecied arror, ek(t). It can
Fig. 8. Error in- be seen that uniess the computer contains no feedback loops Letween
jtction by b, ¢, or d, and a, ek(t) $ k(t), and thus the injected error wiii not
addition.
equal the resulting error. The usual computer problem reguires
feedback loops. In this case Ek(t) must be determined from ck(t)
by means of a superposition integral with A k(t, 1') for a kernel,

There are two principal advartages to defining error injection by a summation.

I

iret, as was pointed cut in Sec. 3.2, it is possible to represeni componeni errors us
extvancous variables that arc summed with the output of the component. Thue component
errors can be treated directiy as injected errors. Second, since summing circuits are
readily available in most computers,it :s possible actually to insert summing circuits in
the channels of the variabiss and, by injecting artificial errors, to evaiuate the kernels

of the superp<eition integrals

5.2. Experimental Evaluation of Superpcsition-Integral Kernels.

An experimental evaluation of ths superposition-integral kernels was carried out

for a typical problem, The same computer setup was uged to solve the problem and to

evaluate the kernels, cxcept for addition of some summing circuits in the latter process

!
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to facilitate the injection of artificial ¢rrors into the computer. The use ol easentially
the same seiup for soiviag ibwe probicom and for evaluating the =rror kerwnels is necessary
if the evaluation of the crvor kernels ia to be a feasible operaticnal rnethod for estimating
solution errors while the problem is being solved.

The kerneis were evaluated by obtaiiung the response to artificially inject~d errors,

The response and ihe injected error were used in equations of a type similar to Eq. {18}

-

gclve for the kernel, A q(t, 7). Injection waz accomplished by means of summing cir-
cuits, as illustrated in Fig. 3. There is nothing in Eq. (18) that reatricts the type of in-
jected error eq{t}, which may be used to evaluate }\Pq(t’ Tj. However, eq(t) must satisfy
certain other requirements, both of a theoretical and of a practical nature. The kernel

qu(t. T) could be evaluated moet simply by injecting an impnlse error into the q variable
at time Ty since for these conditions the resulting error qu(t) would egual )\“q(t, -rl).
P

Because linearity requires that the errors he small, it is necessary to approximate the

impulse error by a vulse of finite height

18 e '
l ‘m.;)scra"c ESAOR ! ] and width., The response to the {inite pulses
16t — - ; : \ v :
;/‘ H\ i.ovgsgc I approximates qu(t, T}. bﬁually 2 fairly
058 b=} i | o iz T ST R
olE I{-—Tl 1 PN | A R critical compromiss muei he made betwecen
INJECTED € ERROR \T\_-r/:/ making the amgplitude of the pulzes too large,
o} i
ol \ J.r f NJie sg6 l thus violating linearity requirements, and
N T W . N I o=
£ ! - . . «
"3 \VA/-T—J E | | A making the pulses too small, thus producing
l } \‘*ﬁ—iﬁ/‘[ an error too small to measure. Only when
1Ok b — - S S . -
INJECTED ERAOR TP BSES | tha Ccom -
- S _/r-«-\" f |E ) the compromise can be made, can the ker
e | I e % Y L
e ! .?1 ‘?‘ [ [ Vi nels be va.luated with pulse injections.
i i . . R
2.l Lo 11 . W Figure 9 graphs a typical set of pulse
o . s
z 1 \NJECTED ERRCR 1" 34sEC | responses. The pulsee are injected at var-
T e M et s o P e i . :
.. | e N tous times during the solution, as shown by
X I ' | \-i\ ) the dotted rectangles. The resulting errors
rey : = Lf i : ,
. 7 N ? 2
) | """ECTET E{T" L L/ are indicated by tihe solid curvee. The seven
o3 . : el
‘574"—; \BEE solid curves of Fig. 9 comprise a fa .ily of
W T _ )
[ \ A tt, v ) curves plotted as functions of t
of | t - pa’ n : B
| i | ¥ a83SEC N for roven values of 7. The valus of 7 ran
o8- g = I g n T
. INJECTEG ERROR *z"f‘-\q "~ taken aa th: mid-point of the time during
0 | .r_ ..f_..-.. - My _H * &
l . which the pulsc is applied
15 DOTTeD LINGS SHOW OURATION o o ]
5 . OF APPLIED PuLsES "f’”ﬁc A The use of injected error functions
& b
ol 1 * ; IL [ ”'JECTED E""o" Y | other than pulses was tried. It was found
0 ] 2 3 3 3 3 . T
ISt that step-function injected errors were usu-
ally more satisfactory than pulses because
Fig. 9. Error-responsc kernels, they were easjer to generate experimentally,
qu(t' Tn)' , and because it wae easier to obtaina

Figure 9 g adapted from Fig. 2-1 of Rabow's thesis.
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regulting error large enough to measure without exceeding linearity liinitations. The
kernel, A q(t, ) of Eq. {18) can he calculated by differentiating the response to a step

injectad error, or a different superposition integral may be considered.

de (7)

(1) = e {OIT, (5, 0) +/ S P VY (19)
4 dr j
For a srnerposition integral of the type of Eq. (19), the kernel I‘pq(t, 1'1) ie obtained i
4

direccly as the response qu(t) to a step-function error applied at time 7,.

"

With either iype of superposition integral, the errors proluced by component mal-

functioning can be calculated. The errors in the p channel produced by a simple gain i
error in the q channel were so calculated. Figure 10* shows the calculated error com- %
pared with the error 2ctually obaserved in g‘
i = T : e the computer with the g channel gain pur- ;
™ il ; ‘ .l . enror oesERvED —] posely misadjusied. Tle 2xample shown a
& I 1 expERMENTALLY i
P | | B — ] b in Fig. 10 is of necessity a simpl~a one be-
5 4 : 9 __.JT_—: "z"r" T'!_'_:;;%(Q;_L_. i ’/: canga the ervrors injected Ly the faully com-
g% . | chtoi i&“u‘_"év o O ponent must be of such a type that they can
o | SLPERPOSITION INVEGRAL | l l ; Vsl o3 !
-0} I i PRI be calculated in a reasonable time. How- .
u;x-usc_.__. ! — L l LL‘ J_l_s_! 2 ever, the conclusion: irom the simmple ex-
TIME t IN SECONDS ample appl" to the more complex case. The
Fig. 10. Er-or in p cansed by a gain close agreement between the calculated and
error in the q channel. measured errors . hows the vaiidity both of
the linearity approximatiuns made in the
error-propagation analysis and of the methods used to evaluate the superposition kernels,
5.3. Practicability of Analyeis 27 Propagation of Errors in a Compater.
The agreement between calcuiat=d and observed errors in Fig. 10 has shown that '
if the errors generated by computer components aze known, it is possible to calculate the
errors produced in the computer soluticns {rom the superposition-integral kernels. How-
ever, calculation of the errors does not apprar o be feasible in most px-as:;ical probhlems
for three reassrs. First, as hzs been pointed out in the last two secticna, it iz not fea-
sible to find the actuzl time-function errors generated by componenis, Secovnd, {or a prob-
iem =i reasonable size, measuring all the nZ x m kernels required to describe completely 5
the error propagation takes excessive computer tiune. Third, even after vaiues of the
kernels and the injected errors have been obiained, the actual computations to procure
the resulting cryors arc fong. !
Instea? of tryving to caiculate actual solution errers, it may be poszible te obtain
some information concerning the magnitude of golution. ervurs {or a particular computer
I o ; .
Figure 10 is adapted from Fig. 2-2b of Rabow's thesis.
w26
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from the sensitivity of tlhie problem to errors as expresnced by the superposition~integral
kernels. The assumption involved is that the componente of the computer wiil always
generate the same magnitude oY errore; hence, the resglting solution errors will be pro-
portional to the magnitude of the kerncls., Such an assumptien is crude and would have
to ke justified experimentally rathex than being proved analytically. With such an as-
sumption, 1t could be prodicted that a computer which produced acceptably azcurate so-

lutions to one problem weould procuce soluticns of gimilar accuracy to another proble

with a similar sensitivity. The use of such an assumption appears to be the oaly reaszon
able way of e¢stirmating the magnitude cf the solution errors.

The use of such an assumption still requires experimental evaliuation of all the
sunerposition-integral kernelas. However, if something is known in advarnce about the
error sensitivity of the problem, it might be possible to reduce the amount of experi-
menial data required. The advance knowledge periaps would be available from experi-

ence in werking similar groblems, By learning from pa t experience which kernels

were especially large, a good idea of the error sensitivity could be obtained by evaluain
only these critical kernels. Thus the work required to estimate the solution errors would
be significantly reduced.

One impo:tant limitation to the process of estimating crrors from the experimentally
determined error sensiiivities must be emphasized. In applying a linear analysis, the a
priori assumption is8 made that the errcrs are small. If the computer produces a com-
pletely incorrect solution, the sensitivity measurements give no indication that the solu-
tion is incorrect. The sensitivities measured for the incorrect solution may show that
iu2 solutior. 158 relatively insensitive to component errors, and give no indication that
large errors have heen committed by the computer. An example of « uch behavior occurs
when a computer solution becomes unsiable through the influence of small extraneous time
lags in the dynamic computing elements. The true sclution to the probierm in this case ig
not unstable, and will differ greatly from the computer sclutiori. The sensitivity analysi
can not show whether the insiability is caused by computer errors =r wihiether thz original

prcblem is unstable.

6. PRACYTICAL TECZHNIQUES FOR DETECTING AND ELIMINATING
ERRORS IN COMPUTERS

6.1. Importance of Practical Techniques.

As mentioned in Sec. 2, experience with the M.I.T. Fligm Simuiaior has shown
that operational troubles can impair the efficiency of a computer. Although originaily
it was not thought worth while te study these practical prebieme in the crror-analyais
program, they have oroved to be actually more importani than some ¢f the problems
orviginally included, particular!y when importance is measured in terms of computing
cost. The practical iroubles are best described from the point of view of an operator

running a large compubter. Since the operation of the computer is complex, the operator
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may have little vnderstanding of whether or not the computer is functiocning correctly,
and ever, if he knowa the cermputer ia maliunctioning, he has little intuitive idea of the
source of the trovble. Difficulties arige both from human mistakes and component fail-
ure. In a cornplicated problem, both the probability of human error and the probability
of component failure will be accordingly largs. Thus, in the course ¢i a problem, and
more particularly at the beginning of the praulem, a number of troubles tha. must be
eliminated tefore problems can Ly successfully golved are aimost certain to arise. The
cperator's job ia to eliminate the difficulties as quickly as possikie. Fast elimination of
troubles requires a rapid method for lnralizing the mistake or the malfunctioning com-
ponerni. In additicn, the probability of making a second misiake while correcting the
original one must be kept low. A number of raiher general troublz~shooting techniques
that meet these requirements have been developad at the D.A,. C. L. The techniques are
apulicable to a wide clazs of analogue computers, and thus it is believed they represent
a wignificant contribuiion to computer operating methods.

As expected, most of the trouble-shooting techniques have been develeped by people
clogely connecied wnth computer operations. The te‘chniques summazrized in this report
are presented in a tbetsé.s/"l by Trembath. The subject of Trembath's thesis is the simu-
lation of three-dimensional flight paths. Such simulation iz one of the most complex
computer problems studied on the M.I. 7. Flight Simulator to the present time, and in
Trembath's werk, Sec. 3 on errcers and methods of cinecking computers is an excelient
presentation of trouble-shooting techniques, especially as applied to & large, complex

problem.

6.2. Static Checking Methods.

Nne of the aimplest methods fo
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puter components a3 well as for localizing troubles is a static gain check. Comiputer
components can be divided into static and dynamic elements. A typical ewarple of the
former is an amplifier with an cutput that ie merely a constant times iis inglantaneous
input, and a typical example of the latter 15 an integrator where the ontput changes with
time, even for a coiztant input. By eliminating the dynarnic elements in 2 particular
compnter setup, it is possible to make 3 slow and caretul check of the proper operation
of the static elements. For instance, in a computer consisting entirely of integrators,
summing circuits, and amgplifiers, by fixing the 1integrator outputs at predetermined
values and by measuring the signals throughout the system, it is possible to deduce
whether all the gumming circuits and amplifiers are functioning correctly. The gains of
either individual elements ar groups of elemernts may be measured and compared with
predererminad corvect valves Thus a systematic method ig provided for localizing er-
rore by gradually decreasing the number of elements in the group uader test.

In making static checks, il is important to have cenvenient check points that allow
the rapid measurements of the signals throughoul the compuier wiihout the necessity for

disturbing the computezr sctup. In many cases, the ordirarv interconnection pai
y b, P
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patch panel on which the various computing elements are interconnected does not form a

satiafactory set of test points for checking purposes. Usually, the connection points on

the panel are somewhat obscured by the interconnecting wiree which cover the panel.

Alro, in many cases, it is necessary to break into a given signal channel and insert a «

inuitiple connector in order to measure the signal in the channel. Disturbing the pitch 2
. panel tends to introduce furiher mistakes into the compater setup, and thue in a comi- }

plicated prablem, the probability of creating a new errcr may be almost as high 28 the 'i

prohzbility of finding an exiating error. To overcome this difficulty, duplicate patch 3

panels have heen installed cn the M.I.T. Flight Simulator. All cornputer signals have

been brought out to th? duplicate patch-pansel terminals . hich are used solely for testing. ,

The auxiliary terminals not only make the testing procese faster and more convenient ‘?

but also eliminate crrors introduced by disturbing the sriginal wiring.

In addition to locating gross errors, it has been found that a complete static check

performed periodically azsists in iocating components that are gradually developing or-

rora. Thus, a static clieck is a valuablc tool in maintaining the highest possible accuracy

in the system.

! 6.3. Dynamic Checking Methods.

The value of the static checking methods is limited by ths fact that neither the dy-

ol 2

namic computer components nor the initial conditicns are checked, and thus errcrs from
such sources as malfunctioning integraicras cannot be detected. Fuirthermore, denpite |
the work reporied in Secs. 4 and 5, the currelaiion between the static accuracy and ithe

evrors in the solutions is unknown. It is not possible to apecify the ailowable static- !

accuracy limuis with respect to allowable golution errors. Therefore, dynamic checking

musat be developed to test the computer more completely. A number of these

o

methods have been devized, ranging from very simple measurements of the time response

fro
the responsge of the over-all computer system as sei

of single components to daicr:

s

simplesi checks consists in de-

up to solve a specific problem., For example, one of the

termining the rate «f increage of the output of an integrator for a constant input. On the
other hand, one of thz miost infoermative byt complicated dynamic checks is comparisca
of the compnter solution with a solution that has been computed by numerical techuigue
of known accuracy. These numerically calculated solutions, or check sclutiore, provide
the moasat satisfactory way yet discovered for securing complets assurance that the com-

pufer i3 operating correctly.

R TS T TRl W
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CGenerally, the dynamic checking methods require much more advanced preparation
than the static checking methodsz. A compleie check solution for & complicated set of dif-

ferential equaiions may require several months te calculate by hand with a desk cor-puting

g

machine. Furthermore, sach problems a2re difficult to solve on exiating digital computing
equipmert because the storage and programing requirements become very great for prob-

lems of ihis clags. The most complicated static checks, on the other hand, require at

most a few houre of advance comnputaiion.
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The majority of the dynamic checks used with the M. L. T. Flight Simulator fall in-
to two classes, open-locp checke and cleged-loop checks, Thia division arises from the
fact that most of the problems soived on the computer are in the form of one or more
major feedback loops plus numercus minor feedback channels. A complete check solu-
tion proviles the most extensive clesed-loop test. Here, the computer is operated in its
normal manner with all feedback loops closed. However, it is also oiten convenient to
break some of the feedback lcops in one or more places and tesi the dynamic response
either of an entire loop of the computer or merely o part of the loop. Testa with the
loop thus broken are referrad to as open-loop dynamic checks.

Closed-loop dynamic checks possess the advantage that they provide a better
measure of the ocvaor-~all operation of the computer than open-loop checks. Also more

reliabie numerical techniques are available for calculating closed-locp check solutions,
On the other hand, with the {esdback loops closed, errors generated by any components
in the computer propagate through the entire computer. Thus it is very difficuli to lo-
calize a mmalfunctioning component by means of closed-loop measurements alone. In
open-loop dynamic checks th tion of the computer in which the fault occurs is at once
put in evidence, and it is po to decrease systematically the ramber of components
included in tiie dynainic check nntil the exact location of the fault is determined.

In making an open-loop check, a known driving function is inserted at the beginning
of the section to ba tested. The responue of the section is measured and compared with
he previously calculated correct response. The known driving function is selected with
respect to ita availability in the computex, its simiiarity ta the type of signals occuiring
n the actual prok.em, avrd tte ease with which the response of the open-loop section may
be calculated. By a suitable choice of the driving function, a possibility exists for c»m-
bining the advantages cf both cloned-loop and open-lsop teste. Once a check solution haa
been calculatzd, then the correct signais throughout the entire cornputer are known. By
making the ope !ccp driving function equal to the signal that would have existed at thz

sarne point in the sed-loop systern, ii is pcssible to achieve a number of advantages.

(.

In particular, such open-lnnn testing sigrals are very similar to the signals in the actual
problem to be solved. Also, one numerically calculated check solution serves for beth
closed- and open-loop checks. The closad-luep signels are usually not sinusoids or other
iunctions that can be generated by simple combinations of computing elements. As a ¢con-
sequence, the use of suca driving fuactions reguires a special input device for their gen-
eration, for exampls, a photoelectric input tabie or a digital-to-analogue data converter.
Although such a device has not yet been tried with the M.I.T. Flight Simulator, it might
prove to be valuable.

In summary, the general testing methods just described corsist of static and dy-
namic cnecks, The static checks are inhersnl.y open-loop checks. The dynamic checis
can be elther opern- or closed-loop checks., Thesez cheacking methods a~e generally appli-
cable to aimcat ail analogue computars. By proper application »f the checks, it is pos-

:

sible tc localize quickiy and ¢liminats fauits due to huinan mistakes and component
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malfunctionings. Alfter the faults haves been removed, 1t 18 possible to maintain confi-
dence that the computer itv operating correctiv by the periodic application of ¢ver-all
checks auch as the comparison of the computer resulta with check solutions.

In addition to the general methods, Trembath in his thesip'i discussee a number of
methods of error-checking spacifically applicable to the airnulation of three-dimensionai
flight paths. Becaunse of their specific nature the methods were not discusged here. but
their existence should be mentioned again because three-dimensional simulation is of

great current interest.

7. SUGGESTIONS FOR FUTURE WORK

The direction whih future error-analysis work shouid take will se discussed in

this section. Several specific investigations will be ouilined from the resuits of the pre-

ceding work.

7.1. DBlind Alleys.

The results obtained for some of the work carried out lagt year show that certain
investigaiions shounld be abandoned. The negative results are probably the rnost aignifi-
cant accomplishments be-ause they show conclusively that ne more effort should be put
into certaia aresas. The studies of ¢crror genercation in computer components, error prop-
agation in problems, and error propagation in computers have demonstrated that from a
practical standpoint 1t is useless to attemgt to calculate the specific errors introduced
into the solution of a problem. The calculation of specific errore requires so much time
for probleame of a p-actical size that it cannot be juutified, Excezesive tirme is required
merely becacse 80 much data must k= zonsidered in calculating solution errors. Con-
sequently, the use of large computing machines appears {2 vifer {lic only meanes oi shori-
ening the calculations. In most cases, the use of such machines would defeat the purpose
of the error-analysis program.

The studies of error proragation in problems and in computers have eatablished
that the error-propagation equations can be assumed to be linear. Thus certain general
properties of linear cquations hold for the error equations. In particular, because of
superposition, it is possible to define a probiem error sensiiivity that is a function of
the problem itself, and not a func*ion of the specific way in which the problem is solved.
In many practical problems, it is feasible to evaluate the sensitivity. Instead of trying
to calculate problem errors, it may ke aufficient to evaivate the sensitivity of the prob-
lem in ord~r to estimate whether the problem can be solved satisfactorily ¢n a given com-
puter. Thus an investigation which shecld be pursued ig the correiation oi sensitivity to
sbgerved errors in problem solutions.

One way to establish the nature of the correlation wo.uld Be to evaluate an empirical

! PRy

function that perhaps can he wriitlen in the {orm
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Observad Soluticn Errors = Function {sensitivity, nurabers of various kinds of
computing clements uesed in computer).

The observed errors can be evaluated directly from a comparison of the c omputer solu-

tion and the check solution. The function should be kept as =imple as pusaible. Thus,

an attempt should be made to use some single, simple measure of the sexsilivity togeiner

with a simple measure of how the problem is solved. such as the nurmber of various kinds

of rompuiing ¢lements used,

There are 2 number of error-propagation functions that make up the crror eensi-
tivity of a problem. The most unstable propagation function appears to he the most suit-
ablc single measurc of the error sengitivity, Possibly a simple iteration process could
be develuped for finding the most unstable propagation funciion. If the linear erroxr
propagation equations, Eqgs. (9), are considered as a matrix equation, then the mesat un-
stable propagation function cerresponds to the characteriastic root of the mnatrix bhaving
the largest real part. Iteration methods for finding this characteristic root are particu-
larly simple, and their use should be investigated as a means fur shortening the work in-
voived in calculating the sensitivity, A simple method for estimating sensitivity com-
bined with an empirical function for predicting solution errcrs would provide a much

needed ruic uf thumb for estimating sclution errore.

7.2. Analyzing Operational Fxperience,
The greatest and inost valuable progress in the work done so far on error analysis
has baen the devel” 'mont of practical operational techniques {or locating errors in com-

puters. Cansequen‘.ly, in future work greater emphasis should be placed on this area.
The specific methods developed have been accumuliated rather haphazardly by computer
operators. Effective methods have been arrived at by trial and error. Ineffective pro-
cesses have been gradually discarded. No particular eftort has been made to evaluate
direcily the relative eifeciiveness of different methods. In order to increase the rate of
development of good methods, a more orderly analysis and evzlyation should be accom-
plished. A definite effort should be made tc study the techniques used by the better op-
erat.ce and to reduce these techniques to specific written methods. The cffectiveness
of the gpscific writien methoade ehonld then he evaluated through their application by less
experienced operators.

A particalar technique that appears to be promising and tha! shownld be developed

in

further is the use of closed-loop test signais for ~pen-icop tests. The advantages of such

a nrogedure were outlined in Sec. 6.3, The process requires the use of some sory of
input-data device that can :onvert an arbitrary tabulation or plet of the closed-
nals into electrical computer gignals. Arbitrary-function generato. 5 can be usad for this
purpoge. A bank of these generators will be instalied shortly in the M.I. T. Flight Simu-
lator and should provide an opportunity to obtain some practical experience in using the

spen-loop tests.
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7.3. General Error-Probability Function,

The principal reason for the failure to attain the originally desired geal 4i the
studies of error genexation and propagation was the attempt to obtain too detailed infor-
ticn concerning the errors. At firat, it waa desired to estimaie the specific errors
as time functions. As might have been exp.cted, obtaining such detailed information re-
quires toco much calculation to be of practical use. A more practicabie objective would
be the deterrnination uf the average or statistical properties of the errors. Most iypes

Gf errors are analyzed on a statistical basis. Indeed, considerable statisticai theory

first was developed as 4 means of treaiing errors. Also, the analyeis of error generation

in computer cornponents showed that while it is not feasible to esiimate the actual time -
functicn coinponent errors, some of the statistical properties of the errors can be
measured and calculated relatively easily. As a consequence of these dzvslopments, an
attempt should be made to se¢t up and evaluate a2 generai error-probability function.

Such a function would give the probability of solution errore as ~ function of the
problem being solved and of the niethod used for itz sciuvtion. The functior. could inciude
effects ol the probability of componsnt failure and the probability of operator mistakes
as well as the effects of random errors generated by the computer components.

The effecta of random component errurs can be included easily in a general proba-
bility function., Mevertheless, it ia nct casy to see how the effects of systematic com-
ponent errors can be included. Some sort of approximation will have to be mads to
randomize the total effect of a number of syste matic errors. However, if the number
of systematic errors is large, as it will be for a problem using many computer compo-
nents, then the assumption of random effects may be reasonable.

In evaluating the generai error-prcobability function, the fact thai errors propagaie
linearly should be of considerable value because a large amount of statistical theory that
is applicable to this case has been devcloped recently. The linearity of the propagation
greaily reduces the amount of data that must be known about generated errors in order

tc obtain the statistical characteristics of the output errors.
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